Abstract. In this article, we achieved several non-naturally reductive Einstein metrics on exceptional simple Lie groups, which are formed by the decomposition arising from general Wallach spaces. By using the decomposition corresponding to the two involutive automorphisms, we calculated the non-zero coefficients in the expression for the components of Ricci tensor with respect to the given metrics. The Einstein metrics are obtained as solutions of systems polynomial equations, which we manipulate by symbolic computations using Gröbner bases.
Introduction
A Riemannian manifold (M, g) is called Einstein if there exists a constant λ ∈ R such that the Ricci tensor r with respect to g satisfies r = λg. The readers can go to Besse's book [7] for more details and results in this field before 1986. General existence results are difficult to obtain, as a result, many mathematicians pay more attention on the special examples for Einstein manifolds. Among the first important attempts, the works of G. Jensen [18] and M. Wang, W. Ziller [25] made much contributions to the progress of this field. When the problem is restricted to Lie groups, D'Atri and Ziller in [14] obtained a large number of naturally reductive left-invariant metrics when G is simple. Also in this paper, they raised a problem: Whether there exists non-naturally reductive Einstein metrics on compact Lie group G?
In 1994, K. Mori [19] discovered the first left-invariant Einstein metrics on compact simple Lie groups SU(n) for n ≥ 6, which are non-naturally reductive. In 2008, Arvanitoyeorgos, Mori and Sakane proved the existence of new non-naturally reductive Einstein metrics for SO(n)(n ≥ 11), Sp(n)(n ≥ 3), E 6 , E 7 and E 8 , using fibrations of a compact simple Lie group over a Kähler C-space with two isotropy summands (see [2] ). In 2014, by using the methods of representation theory, Chen and Liang [11] found a non-naturally reductive Einstein metric on the compact simple Lie group F 4 . More recently, Chrysikos and Sakane proved that there exists non-naturally reductive Einstein metric on exceptional Lie groups, espeacially for G 2 , they gave the first example of non-naturally reductive Einstein metric (see [13] ).
In this paper we consider new non-naturally reductive Einstein metrics on compact exceptional Lie groups G which can be seen as the principal bundle over generalized Wallach spaces M = G/K. In 2014, classification for generalized Wallach spaces arising from a compact simple Lie group has been obtained by Nikonorov [22] and Chen, Kang and Liang [12] , in particular, Nikonorov investigated the semi-simple case and gave the classification in [22] .
As is known to all, the involutive automorphisms play an important role in the development of homogeneous geometry. The Riemannian symmetric pairs were classified by Cartan [10] , in Lie algebra level, which can be treated as the structure of a Lie algebra with an involutive automorphism satisfying some topologic properties. Later on, the more general semi-simple symmetric pairs were studied by Berger [6] , whose classification can be obtained in the view of involutive automorphism. Recently, Huang and Yu [16] classified the Klein four subgroups Γ of Aut(u 0 ) for each compact Lie algebra u 0 up to conjugation by calculating the symmetric subgroups Aut(u 0 ) θ and their involution classes.
According to the article [12] , each kind of generalized Wallach spaces arising from simple Lie groups is associated with two commutative involutive automorphisms of g, the Lie algebra of G. With these two involutive automorphisms, we have two different corresponding decompositions of g, which are in fact irreducible symmetric pairs. According to these two irreducible symmetric pairs, we can get some linear equations for the non-zero coefficients in the expression of components of Ricci tensor with respect to the given metric. With the help of computer, we get the Einstein metrics from the solutions of systems polynomial equations. We mainly deal with two kinds of generalized Wallach spaces, one of which is without centers in k and the other is with a 1-dimensional center in k. Along with the results in [11] , we list all the number of non-naturally reductive left-invariant Einstein metrics on exceptional simple
Lie groups G arising from generalized Wallach spaces with no center in k. In this [12] to represent the type of generalized Wallach space, N non−nn represents the number of non-naturally reductive Einstein metrics on G and p, q coincides with the indices in the decomposition g = k 1 ⊕ · · · ⊕ k p ⊕ m 1 ⊕ · · · ⊕ m q , in fact q = 3 for all types.
We describe our results in the following theorem. (1) The compact simple Lie group F 4 admits at least 6 new non-naturally reductive and non-isometric left-invariant Einstein metrics. These metrics are Ad(SU(2)×SU(2)×SO(5))-invariant.
(2) The compact simple Lie group E 6 admits at least 11 new non-naturally reductive and nonisometric left-invariant Einstein metrics. Four of these metrics are Ad(SU(2) × Sp(3))-invariant and thie other 7 are Ad(U(1) × SU(2) × SU(2) × SU(4))-invariant.
(3) The compact simple Lie group E 7 admits at least 13 new non-naturally reductive and nonisometric left-invariant Einstein metrics. Seven of these metrics are Ad(SU(2) × SU(2) × SU(2) × SO (8))-invariant and the other 6 are Ad(U(1) × SU(2) × SU(6))-invariant.
(4) The compact simple Lie group E 8 admits at least 13 new non-naturally reductive and nonisometric left-invariant Einstein metrics. Two of these metrics are Ad(SO(8) × SO (8))-invariant and the other 11 are Ad(SU(2) × SU(2) × SO (12))-invariant.
The paper is organized as follows: In section 2 we will recall a formula for the Ricci tensor of G when we see G as a homogeneous space. In section 3 we will introduce how we operate our methods to solve the non-zero coefficients in the expressions for Ricci tensor, where we will classify the exceptional Lie groups by the number of simple ideals of k. Then for each case in section 3, we will discuss the non-naturally reductive Einstein metrics via the solutions of systems polynomial equations, which will be described in section 4.
The Ricci tensor for reductive homogeneous spaces
In this section we will recall an expression for the Ricci tensor with respect to a class of given metrics on a compact semi-simple Lie group and figure out whether a metric on G is naturally reductive.
Let G be a compact semi-simple Lie group with Lie algebra g, K a connected closed subgroup of G with Lie algebra k. Through this paper, we denote by B the negative of the Killing form of g, which is positive definite because of the compactness of G, as a result, B can be treated as an inner product on g. Let g = k ⊕ m be the reductive decomposition with respect to B such that [k, m] ⊂ m, where m is the tangent space of G/K. We assume that m can be decomposed into mutually non-equivalent irreducible Ad(K)-modules as follows:
We will write k = k 0 ⊕ k 1 ⊕ · · · ⊕ k p , where k 0 = Z(k) is the center of k and k i is the simple ideal for
2 , then G × K acts almost effectively on G with isotropy group ∆(K) = {(k, k)|k ∈ K}. As a result, G can be treated as the coset space (G × K)/∆(K) and we have g⊕k = ∆(k)⊕Ω, where
As is known, there exists an 1-1 corresponding between all G-invariant metrics on the reductive homogeneous space G/K and Ad G (K)-invariant inner products on m. A Riemannian homogeneous space (M = G/K, g) with reductive complement m of k in g is called naturally reductive if
where X, Y, Z ∈ m, ( , ) is the corresponding inner product on g.
In [14] , D'Atri and Ziller study the naturally reductive metrics among left invariant metrics on compact Lie groups and they obtained a complete classification of such metrics in the simple case. The following theorem will play an important role to decide whether a left-invariant metric on a Lie group is naturally reductive.
Theorem 2.1. For any inner product b on the center k 0 of k, the following left-invariant metrics on G is naturally reductive with respect to the action (g, k)y = gyk −1 of G × K:
Conversely, if a left-invariant metric , on a compact simple Lie group G is naturally reductive, then there exists a closed subgroup K of G such that , can be written as above.
Now we have a orthogonal decomposition of g with respect to the Killing form of g:
respectively. In addition, we assume that dim R k 0 ≤ 1 and the ideals k i are mutually non-isomorphic for i = 1, · · · , p. Then we consider the following left-invariant metric on G which is in fact Ad(K)-invariant:
where
be a B-orthonormal basis adapted to the decomposition of g which means e i α ∈ k i and α is the number of basis in k i . Then we consider the numbers A 
where the sum is taken over all indices α, β, γ with e
of the choice for the B-orthonormal basis of k i , k j , k k , and symmetric for all three indices which means (ijk) = (jik) = (jki).
In [2] and [23] , the authors obtained the formulas for the components of Ricci tensor with respect to the left-invariant metric given by (2.1), which can be described by the following lemma:
Lemma 2.2. Let G be a compact connected semi-simple Lie group endowed with the left-invariant metric , given by (2.1). Then the components r 0 , r 1 , · · · , r p+q of the Ricci tensor associated to , are expressed as follows:
Here, the sums are taken over all i = 0, 1, · · · , p + q. In particular, for each k it holds that p+q i,j
Calculations for non-zero coefficients in the expressions of Ricci tensor
In this section, we will calculate the non-zero coefficients in the expressions for the components of the Ricci tensor with respect to the given metric (2.1). First of all, we classify the exceptional Lie groups without center in K into the following three types, namely p = 2, p = 3 and p = 4, where p represents the number of the simple ideals of k. For the case of p = 1, according to the classification [12] , there are only F 4 -I and E 7 -III, the non-naturally reductive Einstein metrics on which were studied in [11] and
[Lei], respectively.
We recall the definition of generalized Wallach spaces. Let G/K be a reductive homogeneous space, where G is a semi-simple compact connected Lie group, K is a connected closed subgroup of G, g and k are the corresponding Lie algebras, respectively. If m, the tangent space of G/K at o = π(e), can be decomposed into three ad(k)-invariant irreducible summands pairwise orthogonal with respect to B as:
In [12] and [22] , the authors gave the complete classification of generalized Wallach spaces in the simple case. Here we use the notations in [12] , then for p = 2, there are E 6 -III and E 8 -II, for p = 3, there are F 4 -II and E 8 -I and for p = 4 there is only E 7 -I. For later use, we introduce the following lemma given in [1] .
Lemma 3.1. Let q ⊂ r be arbitrary subalgebra in g with q simple. Consider in q an orthonormal (with
where α r q is determined by the equation
For p = 2, we consider the following metrics on g: 
(155) ,
(255) ,
(233) ,
(244) , We used the symmetric property of three indices in (ijk) in above equations.
In order to calculate the non-zero coefficients (111), (222), (133), (144), (155), (233), (244), (255),
(345), we should know more about the structure of the corresponding Lie algebras. Since the structure of generalized Wallach space arising from a simple group can be decided by two commutative involutive automorphisms on g, we can learn more information from these two automorphisms.
Lemma 3.2. In the case of p = 2, the non-zero coefficients in the components of Ricci tensor with respect to metric (3.1) are as follows:
for E 6 -III, the non-zero coefficients are Proof. Case of E 6 -III. For this case, we denote the two commutative involutive automorphisms by θ and τ . By the conclusions in [12] , we know that each of the automorphisms corresponds to an irreducible symmetric pair. For the structure of E 6 -III, we have the following decomposition:
is in fact the irreducible symmetric pair corresponding to θ.
) is in fact the irreducible symmetric pair corresponding to τ . We consider the following metric on g with respect to the decomposition (3.3) 5) and denote the components of the Ricci tensor with respect to the metric <<, >> 1 byr 1 ,r 2 andr 3 . If With the same method, we consider the irreducible symmetric pair corresponding to the involutive automorphism τ . The metric taken into consideration is as follows:
If we let x 1 = x 2 = x 4 = w 1 and x 3 = x 5 = w 2 , the Ricci tensors with respect to (3. 
Then we study the two commutative involutive automorphisms denoted by θ and τ . In fact, the corresponding irreducible symmetric pair (g, b) and (g, b ′ ) of θ and τ are respectively as follows:
By the same methods operated in the case of E 6 -III, we have For p = 3, we have the following decomposition:
and we consider the metric as follows:
Since k i (i = 1, 2, 3) is simple ideal of k and according to the structure of generalized Wallach space, it is easy to know that the possible non-zero coefficients in the expression for the components of Ricci tensor with respect to the metric (3.9) are as follows: (366) ,
(344) ,
(355) ,
(366) .
and the following equations: for case of E 8 -I, we have Proof. Case of F 4 -II. We have the following decomposition according to the structure of F 4 -II:
If we let
is an irreducible symmetric pair. In fact, this decomposition can be achieved by the first involutive automorphism θ, which means b ∼ = B 4 , therefore simple. Now, we consider the following metric on g:
this metric is the same as the one in (3.9) if we let x 1 = x 2 = x 3 = x 4 = u 1 and x 5 = x 6 = u 2 . As a result, if we denote the components of the Ricci tensor with respect to (3.9) byr 1 andr 2 , then it holds We consider the following decomposition of g,
this decomposition is corresponding to the second involutive automorphism τ on g. Hence, (g, b ′ ) is an irreducible symmetric pair. Now, we consider the metric on g as follows:
If we set x 1 = w 1 , x 2 = x 3 = x 5 = w 2 , x 4 = x 6 = w 3 in (3.9), then the two metrics are the same, as a result, we can get the following equations:
(3.14)
We can easily calculate α [22] . Thus, along with the above equations (3.10), (3.12) and (3.14), one can easily get the solutions as the lemma, here
Case of E 8 -I. According to [12] , E 8 -I has the following decomposition:
According to the two commutative involutive automorphisms on E 8 -I in [12] , we have the following two decompositions which make (g, b) and (g, b ′ ) be two different irreducible symmetric pairs.
By using the same methods above, we can calculate (111) = (222) = For p = 4, there is only E 7 -I in this type, and the decomposition according to [12] is
The considered metric is of the following form:
It is easy to know that the possible non-zero coefficients in the expression for components of Ricci tensor with respect to the metric given by (3.15) are (111), (222), (333), (444), (155), (166), (177), (255), (266), (277), (355), (366), (377), (455), (466), (477).
As a result, the components of Ricci tensor are:
(177) ,
(277) ,
(377) ,
(477) ,
(455) ,
(466) ,
(477) . Proof. According to the two commutative involutive automorphisms on E 7 -I in [12] , we have the following two decompositions which make (g, b) and (g, b ′ ) be two different irreducible symmetric pairs.
Then we can use the similar methods to calculate out the coefficients given in the lemma.
Case of E 7 -II. In [12] , E 7 -II has the following decomposition:
where T is the 1-dimensional center of k.
We consider left-invariant metrics on E 7 -II as follows:
where u 0 , x 1 , x 2 , x 3 , x 4 , x 5 ∈ R + . According to the structure of generalized Wallach space, the possible non-zero coefficients in the expression for the components of Ricci tensor with respect to the metric (3.17) are (033), (044), (055), (111), (133), (144), (155), (222), (233), (244), (255), (345) Therefore, by Lemma 2.2, the components of Ricci tensor with respect to the metric (3.17) can be expressed as follows:
(055) ,
(244) ,
(255) . where we used the symmetric properties of the indices in (ijk).
Lemma 3.5. In the case of E 7 -II, the possible non-zero coefficients in the expression for the components of Ricci tensor with respect to metric (3.17) are as follows: Proof. In fact, there are two involutive automorphisms on E 7 -II [12] , denoted by σ and τ , where σ corresponds to the irreducible symmetric pair (g, b) having the following decomposition: 19) and τ corresponds to the irreducible symmetric pair (g, b ′ ) having the following decomposition:
We consider the following left-invariant metric on E 7 with respect to the decomposition (3.19)
if we let u 0 = x 1 = x 2 = x 3 = w 1 and x 4 = x 5 = w 2 in (3.17), then these two metrics are the same, as a result, if we denote the components of Ricci tensor with respect to the metric (3.21) byr 1 andr 2 , then we have r 0 = r 1 = r 2 = r 3 =r 1 and r 4 = r 5 =r 2 . With an easy calculation we get the following equations of the possible non-zero coefficients:
where we used the equations in (3.18) for simplification.
On the other hand, we consider the left-invariant metrics on E 7 -II with respect to the decomposition (3.20) as follows:
if we let Case of E 6 -II. As is shown in [12] , E 6 -II can be decomposed as follows:
and we consider the following left-invariant metrics on E 6 according to this decomposition: 27) where u 0 , x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ∈ R + . Because of the structure of generalized Wallach space, the possible non-zero coefficients in the expressions for the components of Ricci tensor with respect to the metric By Lemma 2.2, the components of Ricci tensor with respect to the metric (3.27) can be simplified as follows:
(066) ,
(166) ,
(266) ,
(366) ,
(366) . where we used the symmetric properties of the indices in (ijk).
Lemma 3.6. In the case of E 6 -II, the possible non-zero coefficients in the expression for the components of Ricci tensor with respect to metric (3.27) are as follows: Proof. In fact, according to [12] , there are two involutive automorphisms on E 6 -II, denoted by σ and τ , each of which corresponds an irreducible symmetric pair. Further, σ corresponds to the irreducible symmetric pair (g, b) with the following decomposition:
while τ corresponds to the irreducible symmetric pair (g, ') with decomposition as follows:
Then, we consider the following left-invariant metrics on E 6 according to the decomposition (3.29):
If we let u 0 = x 2 = x 3 = x 4 = w 2 , x 1 = w 1 and x 5 = x 6 = w 3 in the metric (3.27), then these two metrics are the same, as a result, the components of Ricci tensor with respect to these two metrics are equal respectively, which means if we denote the components of Ricci tensor with respect to metric (3.31) byr 1 ,r 2 andr 3 , then r 0 = r 2 = r 3 = r 4 =r 2 , r 1 =r 1 and r 5 = r 6 =r 3 , with a short calculation, one can get the following system of equations:
where we used the equations in (3.28) for simplification.
On the other hand, we consider the following left-invariant metric on E 6 with respect to the decomposition (3.30):
If we let u 0 = x 1 = x 3 = x 5 = v 2 , x 2 = v 1 and x 4 = x 6 = v 3 in the metric (3.27), then these two metrics are the same, as a result, the components of Ricci tensor with respect to these two metrics are equal respectively, which means if we denote the components of Ricci tensor with respect to metric (3.31) bỹ
, with a short calculation, one can get the following system of equations:
By Lemma 3.1, we have (111) = (222) = Remark 3.7. Besides E 6 -III, for the other cases there are isomorphisms between the subalgebras of k in the decomposition corresponding to the structure of generalized Wallach space, but these isomorphisms don't affect the behavior of the Ricci tensor. In particular, one can verify that Ric < , > (k i , k j ) = 0(i = j), where k i is isomorphism to k j , As a result, Ric is still diagnal.
Discussions on non-naturally reductive Einstein metrics
Case of E 6 -III: 1)
Case of E 8 -II: 1)
Conversely, if one of 1), 2), 3), 4) is satisfied, then the metric of the form (3.1) is naturally reductive with respect to G × L for some closed subgroup L of G.
Proof. Let l be the Lie algebra of L. Then we have either l ⊂ k or l ⊂ k. First we consider the case of l ⊂ k. Let h be the subalgebra of g generated by l and k. .
We consider the system of equations
Then finding Einstein metrics of the form (3.1) reduces to finding the positive solutions of system (4.1), and we normalize the equations by putting x 5 = 1. Then we obtain the system of equations:
We consider a polynomial ring R = Q[z, x 1 , x 2 , x 3 , x 4 ] and an ideal I generated by {g 1 , g 2 , g 3 , g 4 , zx 1 x 2 x 3 x 4 − 1} to find non-zero solutions of equations (4.2). We take a lexicographic order > with z > x 1 > x 2 > x 3 > x 4 for a monomial ordering on R. Then with the aid of computer, the following polynomial is contained in the Gröbner basis for the ideal I Due to Proposition 4.1, we conclude that each of these four solutions induces a non-naturally reductive Einstein metric.
For x 4 = 1, the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0} has the following four solutions:
For x 4 = 3 5 , the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0} has only one solution given by
and for x 4 = 19 5 , the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0} also has only one solution given by
According to Proposition 4.1, these corresponding left-invariant Einstein metrics are all naturally reductive.
In summarize, we find 4 different non-naturally reductive left-invariant Einstein metrics on E 6 -III. 
,
We consider the system of equations given by r 1 − r 2 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0, r 4 − r 5 = 0, (4.4) and normalize the equations by putting x 5 = 1, then we obtain the system of equations: − 60 x 4 x 3 2 + 60 x 3 x 4 2 = 0,
We consider a polynomial ring R = Q[z, x 1 , x 2 , x 3 , x 4 ] and an ideal I generated by {g 1 , g 2 , g 3 , g 4 , zx 1 x 2 x 3 x 4 − 1} to find non-zero solutions of equations (4.5). We take a lexicographic order > with z > x 1 > x 2 > x 3 > x 4 for a monomial ordering on R. Then with the aid of computer, the following polynomial is contained in the Gröbner basis for the ideal I 
Among these solutions, we remark that the solution in Group 3 induces the Killing metric, the solutions in Group 4 and Group 7 induce the same metrics up to isometry which are naturally reductive due to Proposition 4.1, while the solutions in Group 1 and Group 5 induce the same metrics and the solutions in Group 2 and Group 6 also induce the same metrics up to isometry which are all non-naturally reductive due to Proposition 4.1.
Therefore, we find 2 non-naturally reductive Einstein metrics on E 8 -II.
Case of p = 3. With the similar reason, we give the following proposition to decide whether a left-invariant metric is naturally reductive.
Proposition 4.2.
If a left-invariant metric <, > of the form (2.1) on G is naturally reductive with respect to G × L for some closed subgroup L of G, then for the case of p = 3, one of the following holds:
Conversely, if one of 1), 2), 3), 4) is satisfied, then the metric of the form (3.9) for the case of p = 3 is naturally reductive with respect to G × L for some closed subgroup L of G. .
Then finding Einstein metrics of the form (3.9) reduces to finding the positive solutions of system (4.6),
and we normalize the equations by putting x 4 = 1. Then we obtain the system of equations: We consider a polynomial ring R = Q[z, x 1 , x 2 , x 3 , x 5 , x 6 ] and an ideal I generated by {g 1 , g 2 , g 3 , g 4 , g 5 , zx 1 x 2 x 3 x 5 x 6 − 1} to find non-zero solutions of equations (4.7). We take a lexicographic order > with z > x 1 > x 2 > x 3 > x 5 > x 6 for a monomial ordering on R. Then with the help of computer, the following polynomial is contained in the Gröbner basis for the ideal I (x 6 − 1)(7 x 6 − 11)(2375 x 6 3 − 4195 x 6 2 + 1960 x 6 − 272) · h(x 6 ), (4.8) where h(x 6 ) is a polynomial of x 6 of degree 114. We put it in Appendix I for readers' convenience.
For x 6 = 1, with the polynomials in Gröbner basis, we get four values of x 5 , namely 0.2797176824, 0.3650688296, 1, 1.121529277, whose corresponding solutions of the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, g 5 = 0} can be given as follows:
, we substitute it into the polynomials in the Gröbner basis, then we get the following corresponding solutions of the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, g 5 = 0} with x 1 x 2 x 3 x 5 x 6 = 0:
By solving x 6 − 1)(7 x 6 − 11)(2375 x 6 3 − 4195 x 6 2 + 1960 x 6 − 272 = 0 numerically, there are three positive solutions given approximately by x 6 ≈ 0.2797176824, x 6 ≈ 0.3650688296 and x 6 ≈ 1.121529277, whose corresponding solutions of the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, g 5 = 0, x 6 − 1)(7 x 6 − 11)(2375 x 6 3 − 4195 x 6 2 + 1960 x 6 − 272 = 0} with x 1 x 2 x 3 x 5 x 6 = 0 are: Among these metrics, we remark that the left-invariant Einstein metrics induced by the solutions in Group1, 2, 3 are all naturally reductive, while the left-invariant Einstein metrics induced by the solutions in Group 4, 5, 6 are all non-naturally reductive due to Proposition 4.2. In particular, the solutions in Group 2 and 3 induce the same metrics up to isometry respectively and the solutions in each of Group 4-6 induce a same metric up to isometry.
In conclusion, we find 3 different non-naturally reductive left-invariant Einstein metrics on F 4 -II. We consider the system of equations Then finding Einstein metrics of the form (3.9) reduces to finding the positive solutions of system (4.10),
and we normalize the equations by putting x 4 = 1. Then we obtain the system of equations: 
+ 33 x 3 x 6 − 120 x 5 x 6 + 56 x 5 = 0,
We consider a polynomial ring R = Q[z, x 1 , x 2 , x 3 , x 5 , x 6 ] and an ideal I generated by {g 1 , g 2 , g 3 , g 4 , g 5 , zx 1 x 2 x 3 x 5 x 6 − 1} to find non-zero solutions of equations (4.11). We take a lexicographic order > with z > x 1 > x 2 > x 3 > x 5 > x 6 for a monomial ordering on R. Then with the aid of computer, the following polynomial is contained in the Gröbner basis for the ideal I (x 6 − 1)(7 x 6 − 23)(864 x 6 3 − 1676 x 6 2 + 973
where f (x 6 ) is a polynomial of x 6 given by f (x 6 ) = 24313968 x 6 14 − 271810080 x 6 13 + 1334881896 x 6 12 − 4102312320 x 6 11 + 9388266607 x 6
10
− 17066486910 x 6 9 + 25201149031 x 6 8 − 30982882320 x 6 7 + 31894938304 x 6 6 − 27360921600 x 6 5 + 19523164352 x 6 4 − 11276897280 x 6 3 + 5059512320 x 6 2 − 1663672320 x 6 + 301113344, and h(x 6 ) is a polynomial of x 6 of degree 114. For readers' convenience, we put it in Appendix II.
For x 6 = 1, from the Gröbner basis of the ideal I and with the aid of computer, we get the four solutions of the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, g 5 = 0} which can be split into the following groups:
By solving (7 x 6 − 23)(864 x 6 3 − 1676 x 6 2 + 973 x 6 − 177 = 0 numerically, there are three positive solutions which can be given approximately x 6 ≈ 0.4188876553, x 6 ≈ 0.4617244621, x 6 ≈ 1.059202697
and the corresponding solutions of the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, g 5 = 0, 7 x 6 − 23)(864 x 6 3 − 1676 x 6 2 + 973 x 6 − 177 = 0} with x 1 x 2 x 3 x 5 x 6 = 0 are given by Group 3.
By solving f (x 6 ) = 0 numerically, there are 6 different positive solutions, namely 0.7920673406, 0.8040419514, 1.075965351, 1.681651936, 2.596366999, 3.419732659, and the corresponding solutions of the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, g 5 = 0, f (x 6 ) = 0} with x 1 x 2 x 3 x 5 x 6 = 0 are given by Group 3. 
Group 5.
{x1 ≈ 0.05053229100, x2 ≈ 1.535627653, x3 ≈ 0.5100903370, x5 ≈ 1.01076975, x6 ≈ 0.4742936355}, {x1 ≈ 1.535627653, x2 ≈ 0.05053229100, x3 ≈ 0.5100903370, x5 ≈ 0.4742936355, x6 ≈ 1.01076975}.
Group 6.
{x1 ≈ 1.075832320, x2 ≈ 0.04173283859, x3 ≈ 0.2381776636, x5 ≈ 0.8630215199, x6 ≈ 0.7058209688}, {x1 ≈ 0.04173283859, x2 ≈ 1.075832320, x3 ≈ 0.2381776636, x5 ≈ 0.7058209688, x6 ≈ 0.8630215199}.
Group 7.
{x1 ≈ 0.0887989484, x2 ≈ 1.442031123, x3 ≈ 0.4977693932, x5 ≈ 2.099884281, x6 ≈ 2.058282526},
Among these solutions, we remark that the solution in Group 1 is Killing metric, the solutions in Group 2 and Group 3 induce the same metrics up to isometry respectively which are naturally reductive due to Proposition 4.2, while the solutions in Group 3 induce 6 different left-invariant Einstein metrics which are non-naturally reductive and the solutions in each of Group 4-8 induce a same metric up to isometry which is non-naturally reductive due to Proposition 4.2.
In conclusion, we find 11 different non-naturally reductive Einstein metrics on E 8 -I.
Case of p = 4. By the same discussion in 4.1, we give the criterion to determine whether a leftinvariant metric of the form (3.15) is naturally reductive. 
Conversely, if one of 1), 2), 3), 4) is satisfied, then the metric of the form (3.15) for the case of p = 4 is naturally reductive with respect to G × L for some closed subgroup L of G.
Case of E 7 -I. Due to Lemma 3.4, we have the following equations: 
(4.12)
We consider the system of equations given by r 1 − r 2 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0, r 4 − r 5 = 0, r 5 − r 6 = 0, r 6 − r 7 = 0. (4.13)
Since there are 7 variables in the system of equations, which is quite complicated for computer to calculate the Gröbner bases, we normalize them by x 6 = x 7 = 1, then it is easy to find that x 2 = x 3 from the equations in (4.12), as a result, we have the following system of equations:
(4.14)
We consider a polynomial ring R = Q[z, x 1 , x 3 , x 4 , x 5 ] and an ideal I generated by {g 1 , g 2 , g 3 , g 4 , zx 1 x 3 x 4 x 5 − 1} to find non-zero solutions of equations (4.14). We take a lexicographic order > with z > x 1 > x 3 > x 4 > x 5 for a monomial ordering on R. Then with the aid of computer, the following polynomial is contained in the Gröbner basis for the ideal I In summarize, we find 7 different non-naturally reductive left-invariant Einstein metrics on E 7 -I. Case of E 7 -II. By Lemma 3.5, the components of Ricci tensor with respect to the metric (3.17) are as follows: 
.
Then we will give a criterion to decide whether a metric of the form (3.17) is naturally reductive. 
Conversely, if one of the conditions 1), 2), 3), 4) holds, then the metric < , > of the form (3.17) is naturally reductive with respect to G × L for some closed subgroup L of G.
Proof. Let l be the Lie algebra of L. Then we have either l ⊂ k or l ⊂ k. For the case of l ⊂ k. Let h be the subalgebra of g generated by l and k. Since g = T ⊕ A 1 ⊕ A 5 ⊕ p 1 ⊕ p 2 ⊕ p 3 and the structure of generalized Wallach spaces, there must only one
which is in fact the set of fixed points of the involutive automorphism σ. Due to Theorem 2.1, we have
, which is in fact the set of the fixed points of the involutive automorphism τ , as a result of Theorem 2.1, we have u 0 = x 2 = x 4 , x 3 = x 5 . If
, which is corresponds to the involutive στ = τ σ [12] , due to Theorem 2.1, we have
We proceed with the case l ⊂ k. Because the orthogonal complement l ⊥ of l with respect to B contains
Since the invariant metric < , > is naturally reductive with respect to G × L, we conclude that x 3 = x 4 = x 5 by Theorem 2.1.
The converse is a direct conclusion of Theorem 2.1.
Recall that the homogeneous Einstein equation for the left-invariant metric < , > is given by
We normalize the metric by setting u 0 = 1, then the homogeneous Einstein equation is equivalent to the following system of equations: 
Consider the polynomial ring R = Q[z, x 1 , x 2 , x 3 , x 4 , x 5 ] and the ideal I, generated by polynomials
We take a lexicographic ordering >,
for a monomial ordering on R. Then, by the aid of computer, we see that a Gröbner basis for the ideal I contains a polynomial of x 5 given by
where h(x 5 ) is a polynomial of degree 78. Since the length of this polynomial may affect the readers to read, we put it in the Appendix III.
We remark that x 1 , x 2 , x 3 , x 4 can be written into a polynomial of x 5 with coefficient of rational numbers.
By solving h(x 5 ) = 0 numerically, we get 6 solutions, namely 
Due to Proposition 4.4, the left invariant Einstein metrics induced by these three solutions are all naturally reductive.
For (875x 5 3 − 5155x 5 2 + 9379x 5 − 4949) = 0, the solutions of the system of equations {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, (875x 5 3 − 5155x 5 2 + 9379x 5 − 4949) = 0} with x 1 x 2 x 3 x 4 x 5 = 0 are as follows:
In conclusion, we find six different left-invariant Einstein metrics on E 7 which are non-naturally reductive.
Case of E 6 -II. By Lemma 3.6, the components of Ricci tensor with respect to the metric (3.27) can be expressed as follows: .
The we will give a criterion to decide whether a left-invariant metric of the form (3.27) on E 6 is naturally reductive. 
Conversely, if one of the conditions 1), 2), 3), 4) holds, then the metric < , > of the form (3.27) is naturally reductive with respect to G × L for some closed subgroup L of G.
Proof. Let l be the Lie algebra of L. Then we have either l ⊂ k or l ⊂ k. For the case of l ⊂ k. Let h be the subalgebra of g generated by l and k.
and the structure of generalized Wallach spaces, there must only one
, which is in fact the set of the fixed points of the involutive automorphism τ , as a result of Theorem 2.1, we have
, which is corresponds to the involutive στ = τ σ [12] , due to Theorem 2.1, we have x 1 = x 2 = x 3 = x 6 , x 4 = x 5 .
We proceed with the case l ⊂ k. Because the orthogonal complement l ⊥ of l with respect to B contains the orthogonal complement k ⊥ of k, it follows that p 1 ⊕ p 2 ⊕ p 3 ⊂ l ⊥ . Since the invariant metric < , > is naturally reductive with respect to G × L, we conclude that x 4 = x 5 = x 6 by Theorem 2.1.
Recall that the homogeneous Einstein equation for the left-invariant metric < , > is given by {r 0 − r 1 = 0, r 1 − r 2 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0, r 4 − r 5 = 0}.
Then finding Einstein metrics of the form (3.27) reduces to finding the positive solutions of the above system and we normalize the metric by setting x 6 = 1, then the homogeneous Einstein equation is equivalent to the following system of equations: In conclusion, we find 7 different non-naturally left-invariant Einstein metrics on E 6 -II.
Appendix I
We put h(x 6 ) in Section 4 here − 809955593679404419990999198050851090431254722130327121234710273131829159152130816806933719380294578995200 x 6 + 24652795478782568705193226321305604963662010504130505462968280403875490149216360605689272167309928038400
